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Abstract The AdS5 black hole space-time with perturbed dilaton field background consid-
ered. We use the holographic AdS/QCD soft-wall model to investigate the wave functions
and the effective potential. In this model, glueballs are described by a massless scalar field
in an AdS5 black hole with a dilaton soft-wall background. For the first time we use modified
dilaton field and discuss the consequence of the perturbation. In order to obtain the effective
potential we rewrite the equation of motion in the Schrödinger like equation, then try to find
corresponding solution.
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1 Introduction

In the last decades the AdS/CFT correspondence has been used as an important mathemat-
ical tool to investigate the strongly coupled gauge theories [1–6]. The AdS/CFT correspon-
dence relates a ten-dimensional string theory or eleven-dimensional M-theory to a conformal
gauge theory on the corresponding space-time boundary. The first example of the AdS/CFT
correspondence is the relation between the type IIB string theory in AdS5 × S5 space and
N = 4 super Yang-Mills gauge theory on the 4-dimensional boundary of AdS5 space.

The AdS/CFT correspondence may be an important mathematical tool to study many
problems in strong interactions (QCD), like the calculation of hadronic spectra. At low en-
ergy limit the coupling is strong and perturbation theory is not work. In that case the lattice
QCD method or phenomenological effective models are useful. But at high energy limit, in
presence of asymptotic freedom, the AdS/QCD approach is available.
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Hard-wall model is the simplest AdS/QCD model which introduces a mass gap via a
cutoff on the bulk geometry. In this way it is possible to use the gauge/gravity duality to
estimate hadronic masses [7–11]. Another simple model of AdS/QCD, which used in this
paper, known as soft-wall, introduces a mass gap through a non-uniform background scalar
field in the AdS space-time. The soft-wall model presents linear Regge trajectories for vector
mesons and glueballs [12–14].

The calculation of the quasi-normal modes of the massless scalar field in the black hole
performed by using the retarded Green’s function. It is known that the imaginary part of the
Green’s function is related to the quasi-normal modes. In order to more study about quasi-
normal modes at various backgrounds see Refs. [15–33]. In Ref. [33] the scalar glueballs
spectrum at the finite temperature plasma has been studied by using AdS/QCD correspon-
dence and also the quasi-normal modes of the massless scalar field in the AdS black hole
and scalar glueballs in a holographic AdS/QCD model at the finite temperature has been
studied. The glueballs are described by the massless scalar field in the black hole. Accord-
ing to the Maldacena dictionary spectrum of scalar glueballs on the boundary of space-time
are corresponding to the quasi-normal modes of the massless scalar fields in the black hole.

The light scalar and vector glueballs spectra in a holographic QCD with a perturbed
dilaton field background originally studied in Ref. [13], also AdS/QCD duality in a perturbed
AdS-dilaton background was considered [14]. In the mentioned Refs. the equation of motion
for the bulk-to-boundary propagator and AdS two-point correlation function obtained and
concluded that the AdS dynamics not affected by dilaton perturbations. Now we would like
to apply perturbed dilaton background to the Schrödinger like equation and obtain effect of
the perturbation on the effective potential and solutions of the wave function.

This paper organized as the following, in Sect. 2 we give brief review of the soft-wall
model. Then in Sect. 3 we recall results of glueballs spectrum in a perturbed AdS-dilaton
background. In Sect. 4 we obtain the modified Schrödinger like equation and try to solve
it. Finally in Sect. 5 we discuss the effective potential which affected by perturbations. In
Sect. 6 we summarized our results and give some suggestions for future works.

2 The Soft-wall Model

In the soft-wall model one deals with a five dimensional AdS space and a background dilaton
field �(z). The AdS5 line element with dilaton field �(z) and geometric function A(z) in
the Poincare coordinates is given by,

ds2 = e2A(z)

[
−f (z) dt2 +

3∑
i=1

(dxi)2 + dz2

f (z)

]
, (1)

where f (z) = 1 − z4

z4
h

and zh is the black hole horizon radius which is related to the black-

hole Hawking temperature by the relation zh = 1
πT

. In this configuration z = 0 corresponds
to the boundary of the space. In presence of background field �(z) in the bulk one can write
the action of finite temperature soft-wall model as the following,

S = −π3L5

4κ2
10

∫
d5x

√−ge−�gMN∂Mφ∂Nφ, (2)

where the factor e−�L denotes the interaction of the dilaton field with some matter. In the
action (2) gMN is the metric given by the relation (1). The parameters L and κ10 are the
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radius of the AdS space and the ten-dimensional gravity constant respectively. Indices M

and N run from 0 to 4, so coordinates xμ (μ = 0,1,2,3) is for four-dimensional boundary
and x4 = z is extra coordinate along the black hole. The dilaton field and the geometric
function in the above expressions are given by,

�(z) = c2z2,

A(z) = −ln z,
(3)

to recover the Regge behavior. The parameter c sets the scale of the glueball masses.
By using the equation of motion for the scalar field φ in the action (2) one can obtain,

e�

√−g
∂z(

√−ge−�gzz∂zφ) + gμν∂μ∂νφ = 0. (4)

Now, by using the following Fourier transformation in the relation (4),

φ(z, x) =
∫

d4k

(2π)4
eik.x φ̄(z, k), (5)

where kμ = (−ω,pi), one can write,

eBf (z)∂z(e
−Bf (z)∂zφ̄) + (ω2 − f (z)q2)φ̄ = 0, (6)

where q2 = 	3
i−1q

2
i and B = � − 3A = c2z2 + 3 ln z. Now, by introducing new coordi-

nates ∂r∗ = −f (z)∂z and new variable ψ = e− B
2 φ̄, one can rewrite (6) as the following

Schrödinger like equation,

∂2
r∗ψ + ω2ψ = V ψ, (7)

where the effective potential defined as,

V = f (z)

z2

[
q2z2 + 15

4
+ 9

4

z4

z4
h

+ 2c2z2

(
1 + z4

z4
h

)
+ c4z4f (z)

]
. (8)

By using these relations one can obtain the scalar and vector glueballs spectrum respectively
as the following,

m2
n = 4c2(n + 2)

m2
n = 4c2(n + 3).

(9)

Corresponding to the asymptotical behavior of the equation of motion of the scalar field one
can write two solutions which satisfy the Schrödinger like equation,

ψ1 = z
5
2 [1 + a1r + a2z

2 + a3z
3 + a4z

4 + · · · ]
ψ2 = z− 3

2 [1 + b1z + b2z
2 + b3z

3 + · · · ] + bψ1 ln(c2z2).

(10)
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Only none-zero coefficients are,

a2 = q2 + 2c2 − ω2

12

a4 = (q2 + 2c2 − ω2)2

384
+ 1

2z4
h

+ c4

32

b2 = ω2 − q2 − 2c2

4

b = (ω2 − q2)(q2 + 4c2 − ω2)

32
.

(11)

One can check that the effective potential at the r → rh vanishes, so the Schrödinger like
equation has the other solutions which interpreted as incoming and outgoing wave functions
and denoted by ψ+ and ψ−. The negative sign interpreted as the incoming plane wave in
to the horizon and the positive sign interpreted as the outgoing plane wave from the hori-
zon. Therefore one can write the following expansion as the near horizon solution of the
Schrödinger like equation,

ψ± = e±iωr∗
[

1 + a1(±)

(
1 − z

zh

)
+ a2(±)

(
1 − z

zh

)2

+ · · ·
]
, (12)

where

a1(±) = 6 + (q2 + 4c2)z2
h

4 ± 2iωzh

,

a2(±) = 1

16 ± 4iωzh

[(
22 ± 4iωzh + (q2 + 4c2)z2

h

)
a1(±) − 2z2

h(q
2 + 8c2) − 9 + 4c4z4

h

]
.

(13)

The ψ± forms the basis of any other wave functions, also it may be expand ψ± in terms of ψ1

and ψ2. In the next section we introduce the effect of the perturbed dilaton field background
on the glueballs spectra.

3 The Glueballs Spectrum in a Perturbed AdS-dilaton Background

It is known that the dilaton field background and geometric function should be satisfy the
Regge behavior. It means that there is the following conditions,

�(z) − A(z) z → 0−−−→ ln z

�(z) − A(z) z → ∞−−−−→ z2.
(14)

The simplest choice consistent with these conditions given by (3). Also there is another
choice for the dilaton field background �(z) which obey the conditions (14). One can per-
turbed dilaton field background as the following [13],

�(z) = c2z2 + λz

A(z) = −ln z,
(15)



Int J Theor Phys (2010) 49: 1961–1968 1965

where λ is the perturbation parameter which is small dimensionless parameter. The
choice (15) does not effectively modify the Regge behavior of the spectrum. It is found
that for small values of the parameter λ the first three spectra of the scalar glueball modified
as,

m2
0 = 8c2 + λ

3
√

π

2

m2
1 = 12c2 + λ

27
√

π

16
(16)

m2
2 = 16c2 + λ

237
√

π

128
.

Also the first three spectra of the vector glueball modified as,

m2
0 = 12c2 + λ

189
√

π

128

m2
1 = 16c2 + λ

105
√

π

64
(17)

m2
2 = 20c2 + λ

14667
√

π

8192
.

Above results are agree with the relations (9) for λ = 0. It have shown that the mass split-
ting between vector and scalar glueballs increases if λ be negative. These spectra obtained
in Ref. [13], now in the next section, which is the main part of this paper, we obtain the
modified waves functions and the effective potential corresponding to the Schrödinger like
equation.

4 The Modified Schrödinger Like Equation

By using perturbed dilaton background field (15) also one can obtain Schrödinger like equa-
tion (7) where the effective potential modified as the following,

V = f (z)

z2

[
q2z2 + 15

4
+ 9

4

z4

z4
h

+ 2c2z2

(
1 + z4

z4
h

)
+ c4z4f (z)

]

+ f (z)

z2

[
cλz

(
3

2
+ c2z2 +

(
2 − 3

2z

)
z4

z4
h

− c2 z6

z6
h

)
+ λ2c2z2

4
f (z)

]
. (18)

Also the coefficients of the solutions (10) and (12) modified as the following,

a1 = 6cλ

35

a2 = q2 + 2c2 − ω2

12
+ 71

1680
c2λ2

a3 = cλ

21

[
c2 + cλ

4
+ 71

1120
c2λ2 + 83

280
(q2 + 2c2 − ω2)

]
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a4 = (q2 + 2c2 − ω2)2

384
+ 1

2z4
h

+ c4

32
− 3cλ

2z4
h

+ c2λ2

[
119

490
c2 + cλ

54
+ 71

15680
c2λ2 + 1097

13490
(q2 + 2c2 − ω2)

]
(19)

b1 = −cλ

2

b2 = ω2 − q2 − 2c2

4
+ c2λ2

8

b3 = c3λ3

24
− cλ

6

[
ω2 − q2 + 3

4
(ω2 − q2 − 2c2 + c2λ2

2
)

]

b = (ω2 − q2)(q2 + 4c2 − ω2)

32
+ O(λ),

and

a1(±) = 6 + (q2 + 4c2)z2
h

4 ± 2iωzh

,

a2(±) = 1

16 ± 4iωzh

[(
22 ± 4iωzh + (q2 + 4c2)z2

h

)
a1(±) (20)

− 2z2
h

(
q2 + 8c2 − c2λ2

2

)
− 9 + 4c4z4

h

]
.

The main consequence of perturbed dilaton background is appearance of the coefficients a1,
a3, b1 and b3. It is clear that the dilaton perturbation have not important effect on the solution
of the Schrödinger like equation, so in the first order perturbation a2(±) have no change as
well as a1(±). Also λ dependence of coefficient b is not important here. In the next section
we are going to analyze the modified effective potential given by the relation (18).

5 Discussion of the Effective Potential

In this section we would like to discuss about special behaviors of the modified effective
potential.

At zero-temperature limit, where zh → ∞, the effective potential takes the following
form,

VT =0(z) = 1

z2

[
15

4
+ (q2 + 2c2)z2 + c4z4cλz

(
3

2
+ c2z2

)
+ λ2c2z2

4

]
. (21)

Also at c → 0 limit one can obtain,

Vc=0(z) = f (z)

z2

(
q2z2 + 15

4
+ 9

4

z4

z4
h

)
, (22)

which is corresponding to the case of without dilaton field. Therefore in the above expression
the parameter λ is not exist.
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By increasing the temperature the effective potential changes. It is known that (for non-
perturbed dilaton field background) at high-temperature there are no bound states. This sit-
uation is similar to the recent case with perturbed dilaton field background.

At low-temperature limit one can write the effective potential approximately as the fol-
lowing,

V (z) = 1

z2

[
15

4
− 3

2

z4

z4
h

+ 2c2z2 + c4z4 − 2c4 z8

z4
h

]

+ 1

z2

[
cλ

(
3

2
z + c2z3 − 3

2

z4

z4
h

+ 1

2

z5

z4
h

− 2c2 z7

z4
h

)]

+ 1

z2

[
c2λ2

(
z2

4
− z6

2z4
h

)]
. (23)

Then by using the relation zh = 1
πT

one can obtain,

V (z) = 1

z2

[
15

4
+ 2c2z2 + c4z4 + cλz

(
3

2
+ c2z2

)
+ c2λ2z2

4

]

− z2π4T 4

[
3

2
+ 2c4z4 − cλz

(
1

2
− 3

2z
− 2c2z2

)
+ c2λ2z2

2

]
. (24)

The modified effective potential at low-temperature has a constant term as (2 + λ2

4 )c2, a
perturbed oscillator like potential term as c4z2 + c3λz, a term with the bare infinity at z = 0
as 15

4z2 + 3cλ
2z

, and finally temperature corrections terms. The expression (24) is agree with
the relation (21) at T = 0 limit.

6 Conclusion

In this paper we considered the AdS5-black hole space-time with perturbed dilaton field
background. Already the scalar and vector glueballs spectra for perturbed dilaton field back-
ground calculated [13]. Here we applied it to the wave equation and obtained the modified
wave function and modified effective potential. We have shown that the odd coefficients of
the wave functions appear because of perturbed parameter λ. Also we discussed the modified
effective potential at zero and finite temperature.

Here, there are interesting problems for future works, for example there are other choices
for dilaton field background and geometric function which satisfy the Regge behavior. It is
interesting to calculate the wave function and the effective potential for perturbed geometric
function.
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